This paper presents a nonlinear high-order theory for cylindrical sandwich shells with flexible cores, extending a previously presented high-order theory for sandwich plates. The outer and inner faces are assumed to be relatively thin compared to the core and the effects from the core compressibility are addressed in the solution by incorporating the extended nonlinear core theory into the constitutive relations of the cylindrical shells. The governing equations and boundary conditions for the cylindrical shells are derived using a variational principle. Numerical results are presented for the cases where the two faces and the core are made of orthotropic materials. These results show that this model could capture the nonlinearity in the transverse stress distribution in the core of the cylindrical sandwich shell. Numerical results are presented on the details of the stress and displacement profiles for a cylindrical sandwich shell under localized external pressure. This study could have significance for the optimal design of advanced cylindrical sandwich shells.
Introduction
Unique properties such as high stiffness/weight and strength/weight ratios present increasing promise for applications of cylindrical sandwich shells in aerospace and marine vehicles, such as aircraft fuselage sections, rockets and submarine hulls. A cylindrical sandwich shell consists of outer and inner stiff thin faces made either from homogeneous metallic materials or composite laminates, separated by a thick core of soft foam or honeycomb. In the analysis of the sandwich construction, it is routinely assumed that the face sheets carry the in-plane and bending loadings and the core transmits the transverse normal and shear loads [Plantema 1966; Vinson 1999] . These classical theories also consider the transverse displacement of the core to be the same as the displacements of the middle surface of the two face sheets. The variation in thickness (compressibility) of the core is often neglected.
However, recent studies show that the core could experience significant changes in thickness [Liang et al. 2007; Nemat-Nasser et al. 2007; . As a consequence, there is an increasing concern on the influence of core compressibility on the behavior of sandwich structures. Efforts to address this issue are demonstrated through the formulation of various advanced high-order sandwich models in the literature [Frostig et al. 1992; Pai and Palazotto 2001; Hohe and Librescu 2003; . Models considering the core compressibility may not only give a more accurate solution to simpler problems, but may also help to analytically address some otherwise difficult problems such as debond behavior [Li et al. 2001] , shock wave propagation and energy absorption in sandwich structures.
In previous work, we derived a high-order sandwich plate theory [Li and Kardomateas 2008] , in which the transverse displacement of the core is no longer assumed a constant, but it is a fourth order function Keywords: composite sandwich shells, compressibility, high-order theory, external pressure.
of the transverse coordinate. The in-plane displacements vary as fifth order functions of the transverse coordinate. The current paper presents an adaptation of this nonlinear high-order core model to the configuration of cylindrical sandwich shells. The derivation procedure of this theory is similar to the one in [Li and Kardomateas 2008] but accommodated to the specific geometry of cylindrical sandwich shells. In the development of the advanced cylindrical sandwich shell model, the following assumptions have been made:
(1) The face sheets satisfy the Kirchhoff-Love assumptions and their thicknesses are small compared with the overall thickness of the sandwich section. The transverse displacements in the faces do not vary through the thickness. In the current paper, the two face sheets are considered to have identical thickness.
(2) The core is compressible in the transverse direction, that is, its thickness may change.
(3) The bonding between the face sheets and the core is assumed perfect.
The paper is organized as follows: We first extend the high-order sandwich plate compressible core theory to the cylindrical sandwich shell. In the derivation, the cylindrical coordinate system (x, s, z) is introduced and located at the middle plane of the core or the face sheets. The transverse displacement of the initial mid-plane is considered as an unknown function of the coordinates (x, s). The axial, circumferencial and transverse displacements in the core are then expressed as functions in terms of the displacements of the two face sheets and the displacement of the core initial mid-plane. The displacement continuity conditions along the interface between the face sheet and the core are employed. We then formulate the governing equations, boundary conditions, and solution procedure for cylindrical sandwich shells. As a representative, the equations for an orthotropic sandwich shell are studied in detail. Next, the numerical results for a typical cylindrical sandwich shell with three orthotropic phases (two face sheets and a core) are presented. Finally, we draw some conclusions and suggestions on future work.
Extension of high-order sandwich plate theory to shells
Let a coordinate system (x, s, z) be located at the middle plane of the face sheets or the core with x in the axial direction, s in the circumferential direction, and z in the outward normal direction (Figure 1) , and (u, v, w) be the corresponding displacements. R i and R o are the radii of the middle surface of the inner and outer face, respectively; L is the shell length; the outer and inner faces are assumed to have an identical thickness, h f , and the core thickness is h c . Also set R = (R o + R i )/2.
2A. Displacement field representation.
In the classical sandwich model, the compressibility of the core in the thickness direction is ignored. This may give a good approximation in simple and preliminary studies. However, in many more demanding cases, such as a sandwich structure subject to blast/impact loading, consideration of the transverse compressibility of the core may be needed. In the high-order core theory proposed in [Li and Kardomateas 2008] , the transverse displacement in the core (-h c /2 ≤ z ≤ h c /2) is in the form 
In these equations, w c 0 (x, s) is the transverse displacement of the middle surface of the core; w(x, s) is the average of the displacements of top face sheet, w t (x, s) and bottom face sheet, w b (x, s); andw(x, s) is half of the difference of these displacements. Similar definitions hold for the corresponding in-plane displacements.
This high-order core theory could be extended to other geometric configurations such as shapes with curvature, provided the thickness of the face sheets is small compared to the total thickness of the sandwich structure. In this work, it will be extended to cylindrical sandwich shells with orthotropic phases. The thin face sheets of the shell satisfy the Kirchhoff-Love assumptions. Therefore, setting h = (h c + h f )/2, one has for the displacements in the outer face,
and for the and displacements in the inner face, h c /2
In order to take the core compressibility into account, nonlinear models can be proposed. The one proposed here satisfies all the displacement continuity conditions along the interface between the core and the face sheets, as shown in [Li and Kardomateas 2008] .
2B. Strain-displacement relation. For thin face sheets, one can obtain the strain tensor at a point in the outer face sheet of the cylindric sandwich shell as
A similar expression holds for the strain tensor in the inner face,
In these equations,
The core is considered undergoing large rotation with small displacements and its in-plane strains could be neglected. Therefore, one can derive the strain-displacement relations of the core from equations (1) and (2) as follows:
2C. Constitutive relation. The face sheets of the shell are made of orthotropic laminated composites and the core is also orthotropic. The stress-strain relationship for any layer of the faces reads as
where the Q i j , for i, j = 1, 2, 6, are the reduced stiffness coefficients. The stress-strain relations for the orthotropic core are written as
Here, we define the resultants for the outer face sheet of the sandwich shell by
in which the stiffness coefficients are defined as
Applying a similar procedure, one can obtain the expressions for the resultants in the inner face sheet.
Equilibrium equations and boundary conditions
The cylindrical sandwich shell is assumed subject to external and internal pressure q t,b (x, s). Let U denote the strain energy and W the work of external forces. The variational principle (equivalent to a virtual displacement approach) states that
in which
We now introduce the notation
For the thin face sheets of R i + z ∼ = R i , R o + z ∼ = R o and β 1, one can obtain the equilibrium equations and boundary conditions by substituting the stress strain relations (10)- (11) strain-displacement relations (5)-(9) and the displacement representation equations (1)- (4) into (15), then into (14) and employing integration by parts. For the outer face sheet this results in the governing equations
For the compressive core:
For the inner face sheet:
The constants ζ i and ζ t,c,b i
, for i = 1, 2, . . . , 14, in these equations are functions of β and α and are listed in the Appendix.
The corresponding boundary conditions at x = 0, L are
where the superscript denotes the known external boundary values. At θ = 0 and 2π, continuity conditions hold.
For the sandwich shell made out of orthotropic materials, the governing equations for the outer face sheet can be rewritten as 
Similarly, the equation for the core can be recast as 
Finally, for the inner face sheet: 
It should be noted that since this new core theory is a three-dimensional approximation model for the core (but more efficient than a complete three-dimensional elasticity approach), none of the existing shell theories could produce identical governing equations.
A cylindrical sandwich shell under external pressure
In this section the solution procedure for the response of sandwich shells will be demonstrated through the study of simply supported cylindrical shell under external pressure. The boundary conditions are 
where U t mn , V t mn , W t mn , W c mn , U b mn , V b mn and W b mn are constants to be determined. The applied external and internal loading Q o (x, θ ) and Q i (x, θ ) can be, respectively, expressed in the form
where 0 ≤ θ ≤ 2π and the coefficients are defined for m = 0, . . . , M and n = 0, . . . , N aŝ
Substituting equations (23)- (25) into the governing equations (16)- (22), one can obtain a set of equations in matrix form:
where the displacement vector U mn is defined as
] is a 7 × 7 matrix, whose entries are given on the next page. Once the applied loading is given, the displacements can be found by solving (26) for each pair (m, n) until the solutions in form of (23) converge as m and n increase.
Results for a cylindrical sandwich shell under localized external pressure. Assume that a constant pressure loading is applied on a portion of the outer face sheet:
From equations (24) and (25) one can obtain the following loading in the transformed space for m = 1, 2, 3, . . . :
The relationship for the Poisson's ratio, ν i j = ν ji E i /E j , will be applied since the sandwich structure consists of orthotropic phases. In the following study, we set the radius of the core middle plane, R = 0.8 m. Its core thickness is h c = β R with β = 1/10. The thickness of two face sheets is the same, h f = αh c , with α = 1/20. The length of the sandwich shell is set as L = 1.5 m. The face sheets of this cylindrical sandwich shell have the following elastic constants (in GPa): E (23) is required for the numerical convergence. The displacements are normalized by p 0 h tot /(E f ), where h tot is the total thickness of the shell; the stress normalized by p 0 in the following study. Figure 2 plots the normalized mid-plane displacements in the outer face sheet, core and inner face sheet as a function of x at θ = 0. One can readily see that the displacements in the three phases of the cylindrical shell are not identical, implying that the current theory can capture the compressibility of the core in the cylindrical sandwich shells. It can also be seen that the displacement difference in magnitude between the outer face and the core mid-plane is larger than that between the core mid-plane and the inner face sheet. This observation demonstrates that the radial displacement in the core is a nonlinear function with respect to the radial coordinate. Figure 3 presents the cross-sectional shapes of the outer face sheet mid-plane cut through x = L/6, L/4 and L/2. The undeformed shape is also plotted as a reference. It can be seen that the cross-section deforms the most from its original shape at the middle of the cylindrical shell in the axial direction (x = L/2), in particular within the region −π/4 ≤ θ ≤ π/4 of each cross section where the loading is applied. We also investigated the transverse (radial) stress distribution in the core of the sandwich shell, one of the most interesting issues in sandwich structural studies. The results are plotted in Figures 4 and 5 (where + denotes expansion pressure and − compressive pressure). Figure 4 shows the transverse stress for the cross-section x = L/2 at different θ. We see that the stress varies with θ from completely compressive (at θ = 0) to completely expansive pressure (at θ = π ). The maximum stress in magnitude happens along the interface between the core and the outer face sheet on which the loading is applied. This maximum stress is compressive. The maximum expansion stress happens at θ = π/2, also at the interface between the core the outer face sheet. This suggests that these could be the possible positions for damage initiation -useful knowledge for the optimal design of cylindrical sandwich shells.
The variation of the transverse stresses at θ = 0 for different cross-sections is presented in Figure 5 . The results show that the maximum compressive stress for each cross-section occurs along the interface between the outer face sheet and the core. Another interesting observation in this study is that the global maximum compressive stress (of 2.2662) is found around (x = 0.2L , θ = 0), not at (x = 0.5L , θ = 0), where the transverse compressive stress is 1.98787. If one uses the value at (x = 0.5L , θ = 0) as the design criterion, it could yield 12% error. This approximation may be acceptable in some preliminary designs. For an accurate design, one may have to find out the exact global maximum compressive and expansion stresses. Therefore, the study in this work can provide useful guidelines for the design of advanced cylindrical sandwich shells.
Conclusions
We have developed an analytical solution for a cylindrical sandwich shell with flexible core. A nonlinear high order model for cylindrical sandwich shells is formulated by extending our previous work on sandwich plates. The governing equations and boundary conditions thus derived have the compressibility of the core included. The solution procedure for an orthotropic sandwich cylindrical shell is studied in detail. Numerical results for external pressure loading exerted on a portion of the outer face sheet are presented. The observations from the numerical results suggest the following conclusions:
(1) The mid-plane displacements of the outer face sheet, the core and the inner face sheet are not identical. (2) The transverse displacement distribution in the core through its thickness is a nonlinear function of the radial coordinate. (3) The maximum stress in magnitude occurs at the interface between the core and the face sheets on which the loading is applied. (4) The present nonlinear model is able to capture the nonlinear stress and displacement profiles and predict the global maximum stress and its location. Therefore, this study can have significance for the design of advanced cylindrical sandwich shells. 
